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1. INTRODUCTION 
We consider varieties of associative algebras with 1 over a fixed field F of 
characteristic zero. An algebra satisfying a polynomial identity is called a 
PI-algebra. The T-ideal of all polynomial identities of a PI-algebra A will 
be denoted by T(A). 
Let ‘33 be a variety of associative algebras and let T= T((xIz) be the 
T-ideal of its polynomial identities, Let M, be the algebra of all n x n 
matrices over the field F. The maximal integer n = n(iln) = n(T) for which 
the inclusion Tc T(M,) holds is called pi. degree of !R It is shown by 
Amitsur [ 1 ] that if n =n(T) then each element of T(M,,) is nilpotent 
mod&o T. (In [ZJ we call ~~(93) the complexity of ‘%Q.) If the variety 933 is 
generated by the algebra A we shah write 3.X = Var(A 1, n(A) = n(Var(A )f 
and call this integer p.i. degree of ‘4. Obviously, 
n(M,)=k fork3 1. (1.1) 
It is known that if A and B are PI-algebras then A@ B is also a 
PI-algebra, [6]. (Here and in the sequel all tensor products are taken 
over F.) The algebras A, and A, are called equivalent if T(A,) = T(A,) 
[S J. We denote this by A, - 4,. 
(1.2) Remark [S]. The equivalences A I w AZ, B, w B, imply that 
AlOB, -AzOB,. 
Latyshev has asked the question of determining the dependence-if 
any-of n(A @ B) on n(A) and n(B). In this connection, it is proved in C2, 
Theorem l] that for any PI-algebras 4 and B there is an inequality 
n(A) n(B) dn(A Q B). Moreover, this bound is sharp as shown by the 
following 
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(1.3) Remark [2]. If the algebra A satisfies the standard identity 
ux, 3 ..*, x ) of degree n for some 12, then 
the equality n(A @B) = n(A) n(B) holds for any PI-algebra B. (1.4) 
In particular, 
n(~, o B) = MB) for all B. (1.5) 
In this connection Genov asked the question of determining all algebras 
satisfying the condition (1.4). 
The main result of the paper is 
THEOREM. The inequality n( A @ B) < 2n( A) n(B) holds for arbitrary 
PI-algebras A and B. 
Remark (3.12) shows that this bound is sharp. Propositions (3.15) and 
(3.13) and Remark (3.10) evaluate n(A @ B) for arbitrary A and B. In 
Theorem (4.6) we describe the algebras A satisfying (A @B) = n(A) n(B) 
for all B. It is shown that if A is such an algebra then it is not necessary for 
A to satisfy any standard identity. 
The proof of these results given in Sections 3 and 4 relies heavily on 
some techniques and results of Kemer [4]. For the reader’s convenience we 
reproduce the information relevant o our purpose in Section 2 below. 
The main results of this paper have been announced in the note [3]. 
2. SOME RESULTS OF KEMER [4]. 
(2.1) For a precise definition we require some more notation. Let 
G denote the Grassmann algebra on a vector space V of countable dimen- 
sion over F. The subspace of G spanned by exterior products of elements of 
V involving an even (resp. odd) number of elements is denoted Go (resp. 
G,). Clearly G, is a commutative subalgebra of G while G, is a symmetric 
G- bimodule. For any pair of integers n, k such that n/2 <k < n denote by 
M,, k the algebra of matrices of the form (< i), where A and D are respec- 
tively k x k and (n -k) x (n-k) matrices with entries in G, and B and C 
are respectively (n-k) x k, k x (n-k) matrices with entries in Gi. 
Following Kemer, the relatively free algebra of the variety !JJI is called 
T-semiprime if it does not contain nilpotent T-ideals. In that case the 
variety !JJI is called T-semiprime. T-prime algebras and T-prime varieties 
are defined by analogy. 
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The next results of Kemer will play a substantial role: 
(2.2) [4, Theorem 31. Every relatively free algebra A has a 
maximal nilpotent T-ideal I such that the factor algebra A/Z is 
T-semiprime. 
(2.3) [4, Theorem 51. Any T-semiprime variety is a union V, ‘%I, 
of a finite number of T-prime varieties ‘!IR, (as usual T(V, 9JIi) = ni ~(YJJi)). 
(2.4) [4, Theorem 5-J. Any T-prime variety is generated by one 
of the following algebras: M,; M, 0 G; AI,,, k (m 2 1, n/2 d k < n). 
The next equivalences hold, [4]: 
Mz, 1 -GOG (2.5) 
M,,,kOG-M,OG (2.6) 
Mk,IOMp,yNMkp,,Y+(k-[,(P-Y, (2.7) 
In particular, 
M,,k 8 Mz, I - M2n.n. (2.8) 
3. P.I. DEGREE OF A @B 
We note the following formulae: 
n(G) = 1: since T(G) 3 [x, y, z] (3.1) 
n(M,,,) =n(G@G) = 1: by (2.5) and the folklore fact that 
T(GO G) contains a power of the commutator [x, ~1. (3.2) 
(3.3) LEMMA. For any k b 1, n(M,,,,) = k. 
ProoJ The following equivalences hold: 
M 2k,k - Mk,, @ M2, I by (2.8) 
-Mk,,@(G@G) by (1.2) and (2.5) 
-kf,@G@G by (2.6) and (1.2). 
Hence, by (1.5) and (3.2) one has n(M,,,,) = n(M, @ GO G) = k. 1 
(3.4) LEMMA. For any n, k, n/2 <k -c n, one has n(M,.,) = k. 
P.I.DEGREE OF ENSOR PRODUCTS 67 
Proof. Note the relations: 
k = n(M,) by (1.1) 
G 4Mn,!J since Mk E h4,,k and, hence T(M,) 2 T{~“,~) 
g 4~+-f,k,k) since IW?,,~ c:Kk, k, T(M,r,kf2 QMZk,k) 
= k, by Lemma (3.3). 1 
It can be easily seen that 
(3.5) Remark. For any PI-algebras A, and A2 the following equalities 
hold: 
T(A,xA,)=T(A,)nT(A,), n(A, xA,)=max(ntA,),ntA,)). 
(3.6) LEMMA. For any T-semiprime algebra A there exist T-prime 
algebras A f, . . . . Akr such that A-A,x -af xA,, T(A)=n~XI T{Ai) and 
n(A)=max(a(A;)j 1 <i<kf. 
Proof. By definition the variety cJn= Var(A) is semiprime. By {2.3) 
there exist T-prime varieties (%R, . . . . %I& such that 
T(A) = T(!BI) = /-j T@.Ri). (3.7) 
Let Aj be the relatively free algebra of the variety !IX,, 1< i< k. 
Obviously, 
T(A,) = T(‘3Xi). (3.8) 
It is clear that Ai is T-prime for 1 $ i< k. By (3.5) one has 
T(A, x a.. x Ak) = nj T(A,), which together with (3.7) and (3.8) proves the 
lemma. 1 
(3.9) COROLLARY. If the algebra A is the ~-$ern~~rirne a d not T-prime 
then A is e~~iva~e~t toone of the.followi~g al ebras: 
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(3.10) Remark. If A and B are T-prime algebras one can give explicit 
estimates for n(A @ B) by the following rules: 
(i) n(NkQ B)=kn(B), for any B; 
(ii) ~((~~~G)~(~~~G~~~k~ 
(iii) n((MkQG)QMp,q)=kp; 
(iv) n(Mk,,QN,,gf=i~+(k-1)(~-4). 
Proof: (i) is a particular case of ( 1.5 ). (ii) In that case (Mk @ 6) Q 
(M,@G)zMk,@GQG and equality (ii) foilows by (1.5) and (3.2). 
(iii) Consider the relations: 
Applying (1.2), (1.5), and (3.1) again, one obtains (iii). 
Equality (iv) follows by (2.7) and (3.4). f 
(3.11) COROLLARY. For any T-prime algebras A and B the inequalities 
hold. 
(3.12) Remark. For any m, pt 2 1, there exist algebras A and B such 
that n(A) = m, n(B) = n, n(A 0 B) = 2n(A) n(B). 
.ProoJ: It follows by (3.4) and (2.7) that for A = MZ,,,+, B== M2m.n one 
has n( A ) = wt, n(B) = M, A @ B N M4m,,, 2mn and nf A @ B) = 2mpt = 
244 1 @tw I 
(3.13) PROPOSITION. Let A and B be T-semiprime algebras, A N 
A,x .A. xAk, B-B,x ... xB!, where Ai, Bj are T-prime algebras &or 
1 &i<k, 1 <j<l. Then n(AOB)=max(n(AjOBi)Ii, j] 
Proof The following relations hold: 
by (3.5). 
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(3.14) LEMMA. Zf A and B are PI-algbras, Z-some nilpotent ideal of A 
and A” = A/Z, then the following equalities hold: 
n(A) =n(A); n(A”@ B) =n(A@ B). 
Proof. The inclusion T(A) E T(d) implies n(A”) < n(A). If n(A”) = k then 
for some j 3 1, A” satisfies theidentity S,,(x, . . . . xZk)j = 0. The ideal Ibeing 
nilpotent, here exists a t such that S,,(x, .,., xZk)j’ = 0 holds in A, hence 
n(A)<k. 
Since Z@ B is a nilpotent ideal in A @B and A” @ BE (A 0 B)/(Z@ B), 
one has n(a@ B)=n(A@ B) by the first part. 1 
(3.15) PROPOSITION. Let A and B be PI-algebras. Then there exist 
T-semiprime algebras A” and B such that n(A)=n(A), n(B) =n(B), and 
n(A@B)=n(A@B). 
ProoJ: It follows from (1.2) that one may assume the algebras A and B 
are relatively free. By (2.2) there are nilpotent ideals Z4 A, .Z 4 B such that 
the algebras a = A/Z, ii = B/J are T-semiprime. Applying (3.14) one obtains 
the equalities n(A”) = n(A), n(B) = n(B), n(A” 0 B) = n(A 0 B). 1 
Note that (3.15) (3.13) and (3.10) evaluate n(AOB) for arbitrary A 
and B. 
(3.16) THEOREM. For any PI-algebras A and B the inequalities 
n(A)n(B)dn(A@B)<2n(A)n(B) (3.17) 
hold. 
Proof By (3.15) there exist T-semiprime algebras A” and B such that 
n(a) = n(A), n(B) = n(B), n(A” 0 B) = n(A @B). (3.18) 
By (3.6) &A, x . . . xA,, B-B, x ... x B,, where Ai, Bj are T-prime 
algebras, and 
n(a)=max{n(Ai)l 1 <idk} =n(A,), for some p, 1 < p < k, (3.19) 
n(@=max{n(B,)I 1 Qj~l} =n(B,), for some q, 1 d q d 1. (3.20) 
Obviously A @B- (I-I, Ai) 0 (Q B,) z Hi,, AiO Bj and 
n(A@B)=max{n(Ai@Bj)I 1 <i<k, 1 <j<l} 
=n(A,OB,) forsomer,s, ldr<k, l<sdZ. (3.21) 
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The following relations hold: 
n(A 0 B) = n(A, 0 B,s) by (3.18), (3.21) 
6 244,) 4B.J by (3.11) 
B 2n(A”) n(B) by (3.19), (3.20) 
= 2n(A) n(B) by (3.18) 
448 B,) 2 w,o BY) by (3.21) 
a W,) n(B,) by (3.11) 
= n(A) n(B) by (3.19), (3.20) 
= n(A) n(B) by (3.18). 
We proved (3.17). 1 
Remark. A different proof of the left-hand side inequality was given 
in [2]. 
(3.22) By (1.3) and (3.12) it follows that the both bounds in (3.17) 
are sharp. 
4. A NECESSARY AND SUFFICIENT CONDITION FOR n(A @B)=n(A)n(B) 
(4.1) LEMMA. Let n, p, q be natural numbers, and let p/2 < q < p. The 
inequality 
n(M,,,OB)dnn(B) (4.2) 
holds for all B if and only tip < n. 
Proof: Assume that (4.2) holds for all B. In particular, itfollows from 
(3.2) that 
n(M,,, 0 M2,, ) d nnWf2,, ) = n. 
Consider the relations: 
(4.3) 
Mp,,@M*,, - M,,, by (2.8) 
n(M,,,OM,,,)=n(M,,,,)=p by (3.3) 
which together with (4.3) give p < n. 
Assume now that pdn. By (3.1) and (3.15) it follows that it suffices to
consider only T-prime algebras B. Because of (2.4), three cases can occur: 
(i) B=Mk, (ii) B=M,@G, (iii) B=M,.,, k/261<k. 
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In case (i), (1.5) and (3.4) imply that 
n(M,, 0 Mk) = qk = qn(B). 
By the hypothesis of the lemma it follows that q < p <n, hence 
n( M,,, @ B) < nn(B), (ii). In that case one has: n(B) = k, 
M~.~QM~QG~M~,~QGQM~ 
~M~QGQ-~~ (by (2.8)) 
-MpkQG. 
Hence 
n(M,,@B)=n(M,,@G)=pk=pn(B)dnn(B). 
(iii) By (2.7) one has M, y 0 Mk,tm Mpk.y,+(p- yjCk-,j; hence from 
(1.2) one concludes: 
n(Mp,yQB)=n(M,,,QM,,,)=ql+{~-q)(k-I) 
<ql+(n--qfl (pdn, k-f<.) 
=nZ=nn(B). 
(4.4) LEMMA. The inequahty n(M, @ G @ B) < nn(B) holds for any 
algebra B ty and oniy if k 6 n/2. 
ProoJ Similar to the proof of (4.1). 
(4.5) THEOREM. A PI-algebra A satisfies the equality n(A@B) = 
n(A) n(B) for all B if and only if the relatively free algebra ‘?I of the variety 
Var(A) has a maximal nifpotent T-ideal I such that ‘QI/Z is equivalent o one 
of the .~oZlo~ing algebras: 
M,> n=n(A); (4.6) 
n=n(A),pi<nn, tdies; (4.7) 
M, x (Mk 0 G), n = n(A), k f n/2; (4.8) 
M,x(M,QG)x @I, M,!>q<), n=n(A), kbn/2, pi<n, 1 <iis. 
(4.9) 
Proof By (1.2), (2.2), and (3.14) we may assume that A is T-semiprime. 
By (3.6) there is an equivalence 
A-A,x .I. xA,, (4.10) 
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where A, is T-prime, 1 6 i 6 t. Let 
n(A)=n(A,)=n. (4.11) 
Assume that the product in (4.10) is one of (4.6), . ... (4.9) and A, = M,. 
The case t = 1, i.e., A = M,, is trivial, so assume t 3 2. Let B be an arbitrary 
PI-algebra. One has A @ B - n, (A, @ B) and 
n(AQB)=maxjn(A;QB)/l<iit}. (4.12) 
Applying (4.1) and (4.4) one obtains: 
n(A,Q B) < nn(B), 2<i<t, 
n(A,QB)=n(M,QB)=nn(B). 
Hence by (4.12) it follows that n(A Q B) = nn(B) = n(A) n(B). 
Let now n(AQ B) = n(A) n(B) = nn(B) for all B. First we have to show 
that A , NM,,. Assume this fails. Two cases are then possible: (i) A, - 
M,QG or (ii) A, -M,,,, p/2 <n < p. If (i) holds, the equivalences 
M,QGQM,,, -MnQA4,QG~MM,,,QG 
show that 
n(A,QM,,,)=2n=2n(A)>n(A)n(M,,,) 
which gives a contradiction. In case (ii) one has 
M,,,Q(GQG)-M,QGQG. 
Hence 
n(M,,,QGQG)=n(M,QGQG)=pn(GQG) 
=p>n=n(A)n(GQG), 
a contradiction again. 
We proved the equivalence A, -M,. By the equalities (4.11) and (4.12) 
it follows that 
n(A,QB)<nn(B) for 2<i,<t. 
Applying (3.9), (4.1), and (4.4) one obtains that A is equivalent o some 
of the algebras (4.6), . ... (4.9). 1 
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